Abstract. Let φ be an atoroidal outer automorphism of the free group Fn. We study the Gromov boundary of the hyperbolic group G φ = Fn φ Z. We explicitly describe a family of embeddings of the complete bipartite graph K3,3 into ∂G φ . To do so, we define the directional Whitehead graph and prove that an indecomposable Fn-tree is Levitt type if and only if one of its directional Whitehead graphs contains more than one edge. As an application, we obtain a direct proof of Kapovich-Kleiner's theorem [KK00] that ∂G φ is homeomorphic to the Menger curve if the automorphism is atoroidal and fully irreducible.
Introduction
The family of free-by-cyclic groups is an intriguing example of a collection of groups that is simply defined, yet has a rich geometric structure theory. Denote by F n = x 1 , . . . , x n the free group on n ≥ 2 generators. Let Aut(F n ) be the group of automorphisms of F n , and let Out(F n ) be the quotient of Aut(F n ) by the normal subgroup of inner automorphisms. Given an outer automorphism φ ∈ Out(F n ), the group G φ is defined by the HNN presentation (1.1) G φ := F n φ Z = x 1 , . . . , x n , t | t −1 x i t = Φ(x i ), 1 ≤ i ≤ n where Φ ∈ Aut(F n ) is any automorphism of F n in the outer class φ. (Different choices of Φ yield Tietze-equivalent presentations of G φ .) There is a satisfying correspondence between geometric properties of G φ and algebraic properties of φ. Brinkmann [Bri00] proved that G φ is hyperbolic precisely when φ is atoroidal, which means that no conjugacy class of F n is invariant under a power of φ. In the case that G φ is Gromov hyperbolic, a theorem of Bowditch [Bow98, Theorem 6 .2] implies that the visual boundary of G φ contains a local cut point if and only if G φ splits over a virtually infinite cyclic subgroup. Kapovich-Kleiner [KK00, proof of Corollary 15] proved that in this case some power of φ preserves a free splitting of F n . Thus, there is a trichotomy: ∂G φ contains a local cut point if and only if G φ splits over a virtually infinite cyclic subgroup if and only if a power of φ preserves a free splitting of F n .
If G φ is a hyperbolic free-by-cyclic group, then the cohomological dimension of G φ is two, hence the boundary of G φ is 1-dimensional by work of Bestvina-Mess [BM91] . KapovichKleiner [KK00, Theorem 4] proved that if G is a hyperbolic group with one-dimensional boundary, and G does not split over a finite or virtually cyclic subgroup, then the boundary of G is homeomorphic to either the unit circle S 1 , the Sierpinski carpet, or the Menger curve. A deep theorem of Tukia-Gabai-Casson-Jungreis [Tuk88, Gab92, CJ94] classifies the hyperbolic groups with boundary homeomorphic to S 1 as precisely the groups that act discretely and cocompactly by isometries on the hyperbolic plane. Kapovich-Kleiner [KK00, Theorem 5] characterize the structure of hyperbolic groups that have boundary homeomorphic to the Sierpinski carpet, and it follows from their characterization that any such group has negative Euler characteristic (see Section 7 of the present article). Consequently, a hyperbolic free-by-cyclic group cannot have boundary homeomorphic to S 1 or the Sierpinski carpet, since a free-by-cyclic group has Euler characteristic equal to zero. Thus, the boundary of a hyperbolic free-by-cyclic group which does not split over a virtually cyclic group must be homeomorphic to the Menger curve.
The starting point of this project was to explicitly find a non-planar set inside ∂G φ when G φ is hyperbolic. Kuratowski [Kur30] proved that a graph is non-planar if and only if it admits an embedding of the complete bipartite graph K 3,3 or the complete graph K 5 .
Main Theorem. If φ is an atoroidal automorphism in Out(F n ), then ∂G φ contains a copy of the complete bipartite graph K 3,3 .
In order to find this non-planar set, we use the following facts and constructions. If φ is fully irreducible, then φ acts on the set of projective classes of very small minimal F n -trees by north-south dynamics [LL03] . Denote the attractor by T + and the repeller by T − . Levitt and Lustig [LL03] defined for any free F n tree T with dense orbits a map Q : ∂F n → T where T is the compactification of the metric completion of T . Of particular interest to us are the maps Q − and Q + associated to the trees T − and T + . Mitra (Mj) [Mit98] proved there exists a continuous surjectionι : ∂F n → ∂G φ , that extends the injection ι : F n → G φ in the presentation (1.1). The mapι is called the Cannon-Thurston map for the subgroup F n ≤ G φ . In [KL15] , Kapovich and Lustig proved that preimages ofι are finite and uniformly bounded. Moreover, they showed thatι factors through both Q + and Q − . That is, there exist continuous surjections R ± : T ± → ∂G φ so thatι = R + • Q + = R − • Q − . The maps R ± are both onto, and restricted to T ± they are injective and their images are disjoint.
To prove the Main Theorem, we realize the embedded K 3,3 in ∂G φ as a union of a part that lies in the tree T + and a part that lies in the tree T − . If φ admits the existence of these subsets in a particular way, then we say that φ satisfies the T ± -pattern; see Definition 6.2. Given a tree T with dense orbits, we introduce the directional Whitehead graph (in Definition 5.1) to capture certain asymptotic relations between leaves of the lamination dual to T . We prove in Lemma 6.6 that for any indecomposable tree T , there is the following correspondence.
A directional Whitehead graph of T contains more than one edge.
⇐⇒ T has Levitt type; in particular, there exists a system of partial isometries associated to T for which the Rips Machine never halts. See Definition 3.5.
In Lemma 6.5 we prove
A directional Whitehead graph of T − contains more than one edge ⇐⇒ φ satisfies the T ± -pattern.
The T ± -pattern maps into ∂G φ to form an embedded K 3,3 , as shown in Proposition 6.4. In Section 7, we explain how the Main Theorem gives a direct proof of a result of KapovichKleiner [KK00, Section 6] which states that, if φ is fully irreducible, then ∂G φ is homeomorphic to the Menger curve.
There is a striking and well-developed analogy between fully irreducible automorphisms of free groups and pseudo-Anosov homeomorphisms of surfaces. Let Σ be a surface with boundary. A pseudo-Anosov homeomorphism of Σ that fixes the boundary components of Σ gives rise to a fully irreducible automorphism ψ of π 1 (Σ), a non-abelian free group. In this case, the automorphism ψ is not atoroidal. While the associated free-by-cyclic group G ψ is not a hyperbolic group, the group is CAT(0) with isolated flats. Hence, the group has a unique CAT(0) boundary by work of Hruska-Kleiner [HK09] . Ruane [Rua05] proved that the CAT(0) boundary of G ψ in this case is homeomorphic to the Sierpinski carpet; in particular, the CAT(0) boundary of G ψ is planar. A key distinction between these settings is the difference in the systems of partial isometries representing the attracting and repelling trees associated to the automorphisms. The process of iterating the Rips Machine on the system associated to the pseudo-Anosov will halt, producing an interval exchange transformation; while on a system associated to a fully irreducible atoroidal automorphism, the Rips Machine will not halt, and will produce a band system with three overlapping bands (Proposition 3.15). Our methods illustrate how this difference in dynamics leads to the difference in the topology of the boundary: one is planar, while the other is not.
The quasi-conformal homeomorphism type of the visual boundary of a hyperbolic group is a complete quasi-isometry invariant [Pau96] . The quasi-isometry classification of hyperbolic free-by-cyclic groups is open. Our hope is that the new-found understanding of these structures in the boundary will allow us to understand more about the quasi-conformal structure on the boundary of these groups as well, but, this is beyond the scope of the current paper.
In the process of proving our main theorem, we establish new results which may be of independent interest to specialists in the field. For instance, we further investigate systems of partial isometries on compact trees in continuation of the work of Coulbois, Hilion and Lustig [CHL09, CH14, CH12] . Precise definitions of the objects considered here can be a bit technical and will be given in Sections 2 and 3. In particular, combining our results with previous results of [CH12] , we obtain the following characterization of the type (Levitt or surface) of a free mixing F n -tree. Theorem 1.1 (Corollary 3.16). Let T be a free mixing F n -tree, and let A be a basis of F n . Let S 0 = (K 0 , A 0 ) be the associated system of partial isometries, and let S i = (K i , A i ) denote the output after the i th iteration of the Rips Machine. Then Another noteworthy result relates two possible definitions of the ideal Whitehead graph of a fully irreducible outer automorphism φ ∈ Out(F n ). Handel-Mosher [HM11, Chapter 3] introduced the ideal Whitehead graph to study the asymptotic relations between singular leaves of the attracting lamination of φ; see Section 2.4. They define the graph Wh φ as the F n -quotient of the graph whose vertex set is the union of nonrepelling fixed points in ∂F n of principal automorphisms representing φ; see Definition 2.33. An edge of Wh φ corresponds to a leaf of the attracting lamination Λ Acknowledgements. We wish to thank the Mathematical Science and Research Institute for their hospitality in the fall of 2016.
Preliminaries
2.1. Trees, directions, and the observers' topology. A metric space (T, d) is an R-tree if for any two points x, y ∈ T , there is a unique topological arc p x,y : [0, 1] → T connecting x to y and so that the image of p x,y is isometric to the segment [0, d(x, y)]. We denote the image of p x,y by [x, y], and we refer to this arc as the segment in T from x to y. An arc is non trivial if it contains at least 2 distinct points.
If x ∈ T is a point, a direction at x in T is a component of T {x}. A point x ∈ T is a branch point if there are at least 3 directions at x; it is an extremal point if there is only one direction at x. Let Int(T ) denote the interior of a tree T , i.e. the set of points of T which are not extremal. Two arcs [x, y] 
an equivalence class is a germ at x. The map that associates to the arc [x, y] the direction containing y induces a bijection from the set of germs at x to the set of directions at x.
A ray in T is the image of an immersion R + → T . Two rays ρ and ρ are asymptotic if ρ ∩ ρ has infinite diameter. Let ∂T denote the Gromov boundary of T ; as a set, ∂T consists of asymptotic classes of rays in T . Let T denote the metric completion of T . The points in T T are extremal in T . Let T = T ∪ ∂T .
As explained by Coulbois-Hilion-Lustig [CHL07] , the set T may be equipped with the observers' topology, which makes the space homeomorphic to a dendrite. The observers' topology on T is the topology generated (in the sense of a subbasis) by the set of directions in T , where the notion of direction in T extends to T , and points of ∂T are extremal in T . This topology is weaker than the topology induced by the metric on an R-tree. On any interval of T , the metric topology and the observers' topology agree.
2.2. Systems of partial isometries and the band complex. Definition 2.1. A compact forest is a finite union of compact R-trees. A partial isometry of a compact forest K is an isometry a : J → J , where J and J are compact subtrees of K. The domain of a, denoted dom(a), is J, and the range of a is J . A partial isometry is non-empty if its domain is non-empty. A system of partial isometries is a pair S = (K, A), where K is a compact forest and A is a finite collection of non-empty partial isometries of K. The foliation of the bands yields a foliation of B. A finite, infinite, or bi-infinite path γ in B is an admissible leaf path if γ is a locally isometric, immersed path contained in a leaf. A half-leaf based at x ∈ K is an admissible leaf path ρ : [0, ∞) → B with ρ(0) = x. A finite admissible path γ travels through a finite sequence of bands B 1 , . . . , B k and, in turn, corresponds to the sequence of partial isometries a 1 , . . . , a k that give rise to the bands. The domain of γ is then dom(a k • · · · • a 1 ). Note that the domain contains γ(0). This definition extends to admissible rays and bi-infinite lines. The limit set Ω of S = (K, A) is the set of elements of K which are in the domain of a bi-infinite admissible reduced path. The lamination L(B) is the set of bi-infinite admissible leaf paths in B. For an R-tree J, let µ J denote the Lebesgue measure on J, which consists of the Lebesgue measures on the segments of J. The foliated space B has a transverse measure associated to the Lebesgue measure on the components of K.
Notation 2.4. Let x ∈ K, and let = . . . z −2 z −1 z 0 z 1 z 2 . . . ⊂ L(B) be a bi-infinite admissible leaf path through x; so, z i ∈ A ∪ A −1 for i ∈ Z. Suppose 1 = z 0 z 1 z 2 . . . and
. . denote the half-leaves based at x. Then, = 1 ∪ 2 , and to record the point x in the leaf , we use the notation = . . . z −2 z −1 .z 0 z 1 z 2 . . .. Definition 2.5. Let S = (K, A) be a system of partial isometries, and let B be the associated band complex. Let B denote the universal cover of B. The foliation and transverse measure on B lift to a foliation and transverse measure on B. Collapsing each leaf in B to a point yields an R-tree T B , called the dual tree to B.
2.3. The Q-map and dual lamination. Definition 2.6. An F n -tree is an R-tree T together with a homomorphism ρ : F n → Isom(T ); the homomorphism is often repressed. The action of F n on T is minimal if F n does not leave invariant any non-trivial subtree of T . The action is very small if (1) all edge stabilizers are cyclic (i.e. {1} or Z); (2) for every non-trivial g ∈ F n , the fixed subtree F ix(g) is isometric to a subset of R; and (3) F ix(g) is equal to F ix(g p ) for all p ≥ 2.
Theorem 2.7.
[LL03] [CHL07, Proposition 2.3] Let T be a minimal, very small, F n -tree with dense orbits. There exists an F n -equivariant surjective map Q : ∂F n → T which is continuous with respect to the observers' topology. In addition, points in ∂T have exactly one pre-image by Q.
The Q-map given in the previous theorem may be used to define a lamination of F n as follows.
Definition 2.8. The double boundary of F n is ∂ 2 F n := (∂F n × ∂F n ) ∆, where ∆ is the diagonal. Let i : ∂ 2 F n → ∂ 2 F n denote the involution that exchanges the factors. The double boundary ∂ 2 F n is endowed with the topology induced by the product topology, and F n acts diagonally on ∂ 2 F n . A lamination of F n is a non-empty, closed,
Definition 2.9. Let F n act by isometries on an R-tree T so that the action is minimal, very small, and has dense orbits. Let Q : ∂F n → T be the Q-map given in Theorem 2.7. The dual lamination of T is
2.4. Attracting and repelling trees and laminations of an outer automorphism.
Definition 2.10. (Outer space.) For n ≥ 2, Culler-Vogtmann outer space, denoted CV n , is the projectivized space of minimal, free, discrete actions by isometries of the free group F n on R-trees. Its topology is induced by embedding CV n into the space of length functions [CM87] . Let CV n denote the compactification of CV n , which is the set of projective classes of minimal, very small,
Definition 2.11. An outer automorphism φ ∈ Out(F n ) is fully irreducible (or, iwip) if no conjugacy class of a proper free factor of F n is fixed by a positive power of φ.
Theorem 2.12.
[LL03] If φ ∈ Out(F n ) is fully irreducible, then φ acts on CV n with NorthSouth dynamics and projectively fixes two trees T + , T − ∈ ∂CV n . Definition 2.13. We refer to the tree T + = T φ + as the attracting tree of φ and to the tree T − = T φ − as the repelling tree of φ. We omit the φ-notation when the outer automorphism is clear from context. Notice that
If φ is a fully irreducible outer automorphism, then the group F n acts on the trees T + and T − with dense orbits. In fact, these actions exhibit a much stronger dynamical property.
Definition 2.14. The action of F n on an R-tree T is mixing if for any non-degenerate segments I and J in T the segment I is covered by finitely many translates of J: there exist finitely many elements u 1 , . . . , u k ∈ F n so that
The action is indecomposable if, in addition, the elements u 1 , . . . , u k ∈ F n may be chosen so that u i J ∩ u i+1 J is a non-degenerate segment for any i = 1, . . . , k − 1.
Lemma 2.15. [CH12, Theorem 2.1] The actions of F n on the attracting and repelling trees of a fully irreducible outer automorphism of F n are indecomposable.
Definition 2.16. Let T + and T − be the attracting and repelling trees of a fully irreducible free group automorphism. By Theorem 2.7, there are F n -equivariant, surjective maps
which are continuous with respect to the observers' topology. In addition, points in ∂T + and ∂T − have exactly one pre-image by Q + and Q − , respectively. Define the dual laminations L(T + ) and L(T − ) as in Definition 2.9.
Remark 2.18. Let T be an R-tree with a very small, minimal action of F n by isometries and dense orbits, let Q : ∂F n → T be the Q-map, and let L(T ) be the dual lamination. The map Q induces a map
Bestvina-Feighn-Handel [BFH97] define attracting and repelling laminations Λ + = Λ φ + and Λ − = Λ φ − , respectively, associated to a fully irreducible φ ∈ Out(F n ). As we do not use the definition of these laminations explicitly, we refer the reader to [BFH97] for details and briefly recall the facts relevant to this paper. Similar to the structure of the attracting and repelling trees T + and T − , the attracting and repelling laminations satisfy Λ
+ . Moreover, a strong relationship between Λ + and L(T − ) can be seen using the following construction:
We shall use another relationship between Λ + and L(T − ), given as follows.
Lemma 2.21.
[CHR15] Let φ be a fully irreducible outer automorphism, let Λ + denote its attracting lamination, and let L(T − ) denote the dual lamination of its repelling tree. Then
Proof. Let φ be a fully irreducible outer automorphism. By Lemma 2.15, the action of F n on T − is indecomposable. By [CHR15, Theorem A], the lamination L(T − ) contains a unique minimal sublamination which equals its derived lamination L(T − ) . On the other hand, the attracting lamination Λ + is minimal and contained in
2.5. Realization of leaves.
Definition 2.22. Let L be a lamination of F n . The ends of the lamination L is the set
Lemma 2.23. Let φ ∈ Out(F n ) be a fully irreducible outer automorphism, let T ± be the attracting and repelling trees of φ, and let Q + :
Proof. This argument is given in [HM11] . We include an outline for clarity (keeping the notation used by the reference), and omitting the definitions; consult [HM11] for more details. Let g : Γ → Γ be an affine train track representative of φ, and let Γ denote the universal cover of Γ. Via the marking on Γ, the boundary ∂ Γ may be identified with ∂F n , and the attracting lamination Λ + may be identified with a set of geodesic lines in Γ. There is an F n -equivariant edge-isometry f g : Γ → T + which is an Λ + -isometry; that is, for each leaf ∈ Λ + viewed as an isometric embedding : R → Γ, the map f g • : R → T + is an isometric embedding. Therefore, f g ( (±∞)) := lim t→±∞ f g • (t) exists and lies in ∂T + . Since the limit exists, Q + ( (±∞)) = f g ( (±∞)) [LL03] . Hence, Q + maps the ends of Λ + to ∂T + . By Lemma 2.19,
Proposition 2.28 below compares the convergence of leaves of the lamination L(T − ) in the topology on ∂ 2 F n to the convergence of the realization of leaves in the attracting tree T + in the Hausdorff topology. Definition 2.26. Let A be a basis for F n . The set ∂ 2 F n may be identified with the space of pairs (X, Y ) of infinite reduced words in A ∪ A −1 with X = Y . For an infinite reduced word X, let X 1 denote the first letter of X. Let
be the unit cylinder associated to A.
Lemma 2.27. Let A be a basis of F n . The unit cylinder associated to A is open and compact in ∂ 2 F n .
Proposition 2.28. Let A a basis of F n . Let C A ⊂ ∂ 2 F n be the unit cylinder associated to A and let
, and assume that a is between Q + (ξ) and b. Let d 1 be the direction at a containing Q + (ξ). Since Q + is continuous with respect to the observers' topology, there exists
compact by Lemma 2.27, the sequence { i } has a convergent subsequence. Let τ be a partial limit; that is, lim j→∞ i j = τ ∈ ∂ 2 F n . By the arguments in the previous paragraph, lim j→∞ + i j = τ + in the Hausdorff topology on T + . Thus, + = τ + . By Theorem 2.7, the map Q + is injective on EL(T − ), so τ = . Therefore, the sequence { i } has a unique partial limit; thus, { i } converges to .
We conclude this section by describing a property of the realization of leaves of L(T − ) in T + that we will use in Section 6. Definition 2.29. A star is a wedge of intervals or a wedge of rays. The wedge point is called the middle of the star.
To prove this property we will need some facts from the next subsection.
2.6. Automorphisms, branch points, and homotheties. We will use the following facts about the correspondence between a fully irreducible outer automorphism φ and an automorphism in Aut(F n ) representing φ.
Definition 2.31. Let R n denote the graph with one vertex v and n edges. Choosing a basis A of F n and identifying each oriented edge with a distinct element of A identifies π 1 (R n , v) with F n . Moreover, each automorphism Φ ∈ Aut(F n ) is represented by a map f : R n → R n sending the vertex v to itself and an edge of R n to an immersed edge path so that f is a homotopy equivalence. The correspondence between such self-maps of R n and elements of Aut(F n ) is a bijection. Let G be a graph and µ : R n → G a homotopy equivalence. A homotopy equivalence f : G → G gives rise to an outer class [f * ] ∈ Out(F n ). If f (e) is an immersed edge path for every edge e ∈ E(G), then we say that f is a topological representative of [f * ]. Let φ ∈ Out(F n ), let f : G → G be a topological representative of φ, and let G be the universal cover of G. The identification, via the homotopy equivalence µ, of π 1 (G, * ) with F n (up to conjugation) gives rise to an action of F n on G by deck transformations ρ : F n → Aut( G). The map ρ is well defined up to precomposing it with i g , where i g ∈ Aut(F n ) denotes conjugation by g.
Lemma 2.32. Let φ ∈ Out(F n ) and f : G → G be a topological representative of φ. Let G denote the universal cover of G and ρ : F n → Aut( G) the action of F n by deck transformations. There is a bijection between automorphisms Φ ∈ φ and lifts g : G → G of g given by the equation:
Definition 2.33. Let φ ∈ Out(F n ) be fully irreducible, and let Φ ∈ Aut(F n ) so that Φ ∈ φ.
We say that Φ is a principal automorphism if the extension of Φ to ∂F n , which we denote by ∂Φ, fixes at least three nonrepelling points.
Lemma 2.34. [GJLL98, HM11] Let φ ∈ Out(F n ) be fully irreducible, and let T + be its attracting tree.
(1) If Φ is a principal automorphism representing φ, then there exists a unique homothety h + : T + → T + so that h + (γx) = Φ(γ)h + (x) for all γ ∈ F n and x ∈ T + . This homothety stretches the distances in T + by the dilatation of φ. Proof. Item (4) is the only one that does not appear in [HM11] . Since φ acts on CV n by North-South dynamics, T − is equivalent to T − ·φ. This means that there exists a homothety
Suppressing ρ yields the statement in the lemma.
It will be easier to work with rotationless automorphisms and topological representatives. One can find the definitions of rotationless automorphisms and rotationless train track maps in [FH09] or [HM11, pages 24,27]. Here we will only need the following facts due to FeighnHandel [FH09] .
(1) Each fully irreducible φ ∈ Out(F n ) has a rotationless power φ p , and p is bounded by a constant depending only on n. Moreover,
(2) Let φ be a fully irreducible automorphism and f : G → G a train track representative of φ. Then, φ is rotationless if and only if f is rotationless. (3) If f : G → G is rotationless, then for each vertex v, f 2 (v) = f (v). For each directed edge e, the germ of f 2 (e) equals that of f (e).
Lemma 2.35. Let φ ∈ Out(F n ) be fully irreducible. There exists φ p , a rotationless power of φ, so that for any asymptotic leaves 1 , 2 ∈ Λ φ + , there exists an automorphism Φ ∈ Aut(F n ) representing φ p so that the endpoints of 1 and 2 are non-repelling fixed points of ∂Φ.
Since the Q − -index is bounded (by 2n − 2) [CH14] (see [CH14] for the definition), there are finitely many F n -orbits of special triplets. Therefore, there exist q, m ∈ N so that for every automorphism Ψ representing φ, and for each special triplet W = (X, Y, Z), the special triplets Ψ m+q (W ) and Ψ q (W ) are in the same F n -orbit.
Let φ p be a rotationless power of φ. Let f : G → G be a train-track representative of φ p . Identify ∂ G with ∂F n , let f 0 : G → G be any lift of f , and let Φ 0 be the corresponding automorphism given by Lemma 2.32 representing φ p . By the previous paragraph, there exists g ∈ F n so that each special triplet W = (X, Y, Z) satisfies ∂f .2] Let Φ be an automorphism and h ± : T ± → T ± the corresponding homotheties guaranteed by Lemma 2.34. Then, for each ξ ∈ ∂F n ,
Proof of Proposition 2.30. By Lemma 2.35 there exists a principal automorphism Φ representing φ p for some p ∈ N so that the endpoints of 1 and 2 are attracting fixed points of ∂Φ. Similarly, since 2 and 3 are asymptotic, there exists an automorphism Φ representing φ p so that the endpoints of 2 and 3 are attracting fixed points of ∂Φ . Attracting fixed points of two automorphisms in the same outer class are disjoint [Hil07, Theorem 1.1] (see alternatively [HM11, Corollary 2.9] for two principal automorphisms), so Φ = Φ . Continuing in this fashion proves that the end-points of 1 , . . . , k are attracting fixed points of ∂Φ. By Lemma 2.34(1), there exists a homothety h : T + → T + representing Φ. Let S ⊂ T + be the union of the realizations of { i } k i=1 . Then, S is invariant by h by Lemma 2.36. Moreover, S has finitely many vertices, and, h permutes the finitely many vertices of S. Since h is a homothety, S contains only one vertex. 2.8. System of partial isometries associated to a free group automorphism. Coulbois-Hilion-Lustig in [CHL09] use the Q-map to construct a system of partial isometries for an R-tree T with a very small, minimal action of F n by isometries and dense orbits.
Construction 2.37. [CHL09] . Let T be a very small, minimal F n -tree with dense orbits, let A be a basis of F n , and let C A ⊂ ∂ 2 F n be its unit cylinder. Let
The compact heart K A of T relative to A is the convex hull of Ω A in T . By [CHL09] , K A is indeed a compact subtree of T . Let S = (K A , A) be the system of partial isometries so that for each a ∈ A, the partial isometry associated to a is the maximal restriction of a −1 to K A . As defined in Section 2.2, let B be the associated band complex of S, and let T B denote the F n -tree dual to B.
Remark 2.38. If K A is the compact heart of T relative to the basis A of F n , then gK A is the compact heart of T relative to the basis gAg −1 of F n . Moreover, the unit cylinder satisfies C gAg −1 = gC A and Ω gAg −1 = gΩ A . We leave the verification of these facts to the reader.
Theorem 2.39. [CHL09]
Let T be a minimal, very small, F n -tree with dense orbits, and let A, C A , B, and T B be defined as in Construction 2.37.
(1) The tree T is equal to the minimal subtree of the tree
, where L(T ) ∩ C A and L(B) are identified with bi-infinite reduced words in A ∪ A −1 as in the above construction.
Remark 2.40. When we apply Construction 2.37 and Theorem 2.39 to the attracting or repelling trees T + or T − of a fully irreducible outer automorphism, we denote each object with the appropriate subscript; we write S + , Ω + , . . ., and so on.
Rips Induction and overlapping bands
3.1. Rips Induction.
Definition 3.1. Let S = (K, A) be a system of partial isometries. The output of the Rips Machine applied to S is a new system of partial isometries S = (K , A ) defined as follows.
Since A is finite and the intersection of two domains is a compact R-tree, F is a compact forest. Let A be the set of all maximal restrictions of the elements of A to pairs of components of F . Then S = (F , A ) is a system of partial isometries.
Definition 3.2. [CH14, Definition 3.11] Let S 0 = (K 0 , A 0 ) be a system of partial isometries, and let S 1 = (K 1 , A 1 ) denote the output of the Rips Machine. The system of partial isometries S 0 is reduced if for any partial isometry a ∈ A ± 0 , the set of extremal points of the domain of a is contained in K 1 .
Proposition 3.3. [CH14, Propositions 5.6, 3.14] Let φ ∈ Out(F n ) be a fully irreducible outer automorphism, and let S + = (K The definition of 'Levitt type' given here is equivalent to the original one in [CH12, Section 5], which states that the limit set Ω, see Definition 2.3, is totally disconnected. Notation 3.6. Let φ ∈ Out(F n ) be a fully irreducible outer automorphism, and let S + and S − be the systems of partial isometries defined in Construction 2.37. If S + , respectively S − , is of Levitt type, we say T + , respectively T − , is of Levitt type.
The following proposition is a direct consequence of a result of Coulbois-Hilion [CH12] .
Proposition 3.7. [CH12, Theorem 5.2] Let φ ∈ Out(F n ) be a fully irreducible atoroidal outer automorphism. Then either both T + and T − are of Levitt type, or one of the trees T + and T − is of Levitt type and the other one is of surface type.
The proof of our Main Theorem uses the fact that at least one of T + and T − is of Levitt type.
3.2.
Volume of an R-tree and overlapping domains. The main aim of this section is to prove Proposition 3.15, which is a converse to [CH14, Proposition 4.3], and states that if T is an F n -tree with dense orbits and of Levitt type, then the associated Rips machine (beginning from the compact heart) has the property that at each step there are three overlapping bands. Definition 3.8. A compact R-tree K is finite if K has a finite number of extremal points. In this case, K has also a finite number of branch points. Removing these branch points from K yields to a finite set of arcs; the volume vol(K) of K is the sum of the lengths of these arcs. The volume vol(K) of a compact R-tree K is the supremum of the volume of the finite subtrees contained in K. A compact forest K is a finite disjoint union of compact trees K 1 , . . . , K p ; its volume is vol(K) = 1≤i≤p vol(K i ).
This volume of an R-tree may be finite or infinite. In either case, the following proposition applies.
Proposition 3.9. Let T be a compact R-tree. Let > 0 and let E be a set of disjoint arcs in T of length . Then E is finite.
For the proof of Proposition 3.9, we will use the following combinatorial lemma (that we state in the context of R-trees even if it is valid for more general notions of trees).
Lemma 3.10. Let T be an R-tree. Let E be an infinite set of pairwise disjoint subtrees of T . There exists a sequence (T n ) n∈N of pairwise distinct elements of E with the property that, for all n, T n+1 does not intersect the convex hull
Proof. First, suppose there exists an arc γ in T intersecting an infinite number of elements of E. Choose an orientation on γ, which induces a linear ordering ≺ on the set of elements of E that intersect γ. Any countable subset of E gives rise to a sequence (T n ) n∈N of pairwise disjoint subtrees of T such that for all n ∈ N, T n ≺ T n+1 . In particular T n+1 does not intersect the convex hull of n i=1 T i . In the remaining case, every arc of T intersects a finite number of elements of E. We build the sequence (T n ) n∈N by induction. First, pick an element T 1 of E. Suppose T 1 , . . . , T n have been chosen so that no element of E − n i=1 T i intersects the convex hull K n of n i=1 T i . Let S be an element of E − n i=1 T i . By assumption, S does not intersect K n . Let γ be the arc in T joining S and K n . Set T n+1 to be the element of E closest to K n that intersects γ.
Proof of Proposition 3.9. Assume towards a contradiction there is a sequence (γ n ) n∈N of disjoint arcs in T of length > 0. By Lemma 3.10, we can assume that up to reordering indices, γ n+1 does not lie in the convex hull K n of n i=1 γ i . Since γ n+1 has length , at least one of its extremal points, denoted by x n+1 , is at distance more than /2 from K n . Thus, for all i = j ∈ N, d(x i , x j ) > /2. Hence, no subsequence of (x k ) k∈N is convergent (since such a subsequence is not a Cauchy sequence), which contradicts the compactness of T .
Remark 3.11. Let K be a (non-empty) compact tree. Then vol(K) = 0 if and only if K is point. Indeed, if K contains two distinct points, then K contains the arc joining these two points, and hence the volume of K is as least as big as the length of this interval.
Notation 3.12. Let S = (K, A) be a system of partial isometries. Let A −1 = {a −1 | a ∈ A}, and let A ± = A ∪ A −1 . We suppose from now on that A ∩ A −1 = ∅. Let v(x) be the band valence of x; that is, v(x) = #{a ∈ A ± | x ∈ dom(a)}. Let K =i = {x ∈ K | v(x) = i}. Define K ≥i and K ≤i similarly.
Lemma 3.13. Let S = (K, A) be a system of partial isometries, such that vol K ≥3 = 0. Then: (i) K ≥3 is a finite set of points in K.
(ii) If, moreover, the valence of every point in K is finite, then the set {δ direction at x | x ∈ K ≥3 } of directions in K at a point in K ≥3 is finite.
Proof. Property (ii) follows immediately from Property (i). According to Remark 3.11, since vol K ≥3 = 0, the components of K ≥3 are points. It remains to show there are only finitely many components. Since the domains of the partial isometries in A ±1 are subtrees of the tree K, an intersection of domains is also a tree (and possibly the empty set). Thus, the set of components of K ≥3 injects in the set of subsets of A ±1 of cardinality at least 3, which is a finite set since A ±1 is itself a finite set.
Let T be a free R-tree with dense orbits and of Levitt type, and let A be a basis of F n . Let K 0 be the compact heart of T relative to A, and let S 0 = (K 0 , A 0 ) be the associated system of partial isometries as in Construction 2.37. Since T is of Levitt type, the Rips machine does not halt. Let S i = (K i , A i ) denote the output after the i th iteration of the Rips Machine. Then, vol(
Remark 3.14. (i) All orbits of S 0 = (K 0 , A 0 ) are infinite; that is, every leaf in the band complex B is infinite. Indeed, [CH14, Proposition 5.6] ensures the system S 0 is reduced, which, by definition, implies every orbit is infinite. (ii) The valence of the points in K 0 is bounded. Indeed, K 0 is a subtree of T , and the valence of the points of T is bounded (by 2n [GJLL98] ).
Proposition 3.15. Let T be an F n -tree with dense orbits and of Levitt type, and let A be a basis of F n . Let S 0 = (K 0 , A 0 ) be the associated system of partial isometries, and let S i = (K i , A i ) denote the output after the i th iteration of the Rips Machine. Then
Proof. By contradiction, suppose vol K We define by induction a sequence (γ n ) of subarcs of K 0 . Let γ 0 be an arc contained in
0 . There is only one partial isometry a defined on γ 0 ; let γ 1 = γ 0 · a, the image of γ 0 by a. Since S 0 has no finite orbit, γ 1 ⊆ K ≥2 0 . In particular, γ 0 and γ 1 are disjoint.
0 . There are exactly two partial isometries defined on γ 1 : one is a −1 ; let b denote the other. Set γ 2 = γ 1 · b. Again, γ 2 ⊆ K Corollary 3.16. Let T be a free mixing F n -tree and let A be a basis of F n . Let S 0 = (K 0 , A 0 ) be the associated system of partial isometries, and let S i = (K i , A i ) denote the output after the i th iteration of the Rips Machine. Then 
Cannon-Thurston maps
The existence of a Cannon-Thurston map in the setting of hyperbolic free-by-cyclic groups was shown by Mitra (Mj) [Mit98] . The structure of Cannon-Thurston maps for hyperbolic free-by-cyclic groups which do not virtually split over Z was investigated by Kapovich-Lustig [KL15] . We will use the following results. 
(c) The restriction R + | T + of R + to the metric completion of T + is injective.
Likewise, the restriction R − | T − of R − to the metric completion of T − is injective.
The directional Whitehead graph
In this section, we introduce a tool called the directional Whitehead graph to study certain finer asymptotic relations between singular leaves. We define the graph in two ways: first, using the Q-map and its dual lamination, and second, using the band complex associated to a system of partial isometries and its dual lamination. For fully irreducible outer automorphisms, there is a well-studied correspondence between these objects, and we prove in Lemma 5.5 that these two definitions agree in this setting. Our main theorem hinges on a certain property of the directional Whitehead graphs of T φ − .
Directional Whitehead graph.
Definition 5.1. Let T be an R-tree with a very small, minimal action of F n by isometries and dense orbits, and let Q : ∂F n → T be the Q-map given in Theorem 2.7. Let L(T ) be the lamination dual to T . Let x ∈ T be a branch point, and let d be a component of T \ {x}. Remark 5.2. In this paper, the only property of the directional Whitehead graph that we are interested in is whether the graph contains more than one edge. An interesting problem is to investigate other properties of the graph such as connectivity.
The edges in the directional Whitehead graph, by definition, correspond to leaves which are limits of other leaves; that is, every edge of a directional Whitehead graph corresponds to a leaf in the derived lamination; see Definition 2.20. Recall Lemma 2.21:
The second definition of the directional Whitehead graph is given in terms of systems of partial isometries. The second definition is used in Lemma 6.6. Definition 5.3. Let (K, A) be a system of partial isometries, and let B be the corresponding band complex. Let x ∈ K, and let d be a direction of K at x. The directional Whitehead graph of d with respect to (K, A), denoted Wh (K,A) (x, d), is defined as follows. There is an edge (ξ, η) in the graph Wh (K,A) (x, d) if there exists a leaf (ξ, η) ∈ L(B) based at x and sequences of leaves {(ξ i , η i )} i∈N based at x i ∈ d for all i and so that ξ i → ξ, η i → η. See Figure 5 .1 for an illustration. Remark 5.4. In the above definition, lim i→∞ x i = x since Q is continuous with respect to the observers' topology by Theorem 2.7.
Lemma 5.5. Let T be a very small, indecomposable F n -tree. For every x ∈ T and direction d at x there exists a compact subtree K ⊂ T and a reduced system of partial isometries S = (K, A) so that x ∈ K, the subtree K contains a germ in the direction d, and,
Proof. Let e be an edge of Wh T (x, d). By Definition 5.1, there exists a leaf ∈ L(T ) corresponding to e so that Q( ) = x, and there exists a sequence
Let A be a basis of F n so that ∈ C A (a translation of the original basis will do the trick). Since C A is an open neighborhood of ∈ ∂ 2 F n there exists an N ∈ N so that for all i > N , i ∈ C A . We truncate the first N elements of the sequence { i }. Thus,
Hence, K A contains x and the germ corresponding to the direction d. By Theorem 2.39, L(T ) ∩ C A = L(B). Therefore, i ∈ L(B) for all i, and converges to ∈ L(B). Hence, there is a corresponding edge in Wh (K,A) (x, d).
As for the other direction, an edge e in Wh (K,A) (x, d) corresponds to a leaf ∈ L(B) = C A ∩ L(T ) based at x such that there exist leaves i ∈ L(B) based at x i ∈ d so that lim i→∞ i = . Thus, Q( i ) = x i , Q( ) = x, and hence corresponds to an edge of Wh T (x, d).
6. The T ± -pattern and K 3,3 subcomplexes.
Notation 6.1. Throughout this section, suppose that φ ∈ Out(F n ) is fully irreducible, and let T + and T − denote the attracting and repelling trees for φ, respectively.
An illustration of the following definition appears in Figure 6 .1. 
and (
Remark 6.3. Suppose φ ∈ Out(F n ) can be represented by an automorphism of F n which is induced by a pseudo-Anosov homeomorphism of a surface with negative Euler characteristic and non-empty boundary. Then, φ does not satisfy the T ± -pattern. Indeed, the leaves of the attracting and repelling laminations can be realized as (non-crossing) embedded lines in H 2 with dual trees T + and T − , respectively. In this case, a direction at a point a ∈ T − corresponds to a half-space in H 2 . We leave the details to the reader. 2. An embedding of K 3,3 in ∂G φ built using the T ± -pattern. The points π i and Υ are the images of p i and y under the map R + , respectively. In addition,
Proof. Suppose φ satisfies the T ± -pattern. An embedding of K 3,3 in ∂G φ is illustrated in Figure 6 .2 and is described as follows. Recall from Section 4 that the Cannon-Thurston mapι : ∂F n → ∂G φ factors through the maps Q + : ∂F n → T + and Q − : ∂F n → ∂T − . The induced maps R + : T + → ∂G φ and R − : T − → ∂G φ are embeddings restricted to Int(T + ) and Int(T − ), and the images of Int(T + ) and Int(T − ) in ∂G φ are disjoint. Thus, the images of the interiors of the colored paths in T + drawn in Figure 6 .1 do not intersect in ∂G φ . The endpoints of these paths on ∂T + are identified, via R + and R − , to points in the interior of T − to form a K 3,3 .
Lemma 6.5. An outer automorphism φ satisfies the T ± -pattern if and only if there exists a point a ∈ T − and a direction d at a such that Wh T − (a, d) contains at least three vertices.
Proof. Suppose there exist a point a ∈ T − and a direction d at a so that Wh T − (a, d) contains three vertices, corresponding to points α 1 , α 2 , α 3 ∈ ∂F n . By definition, Q − (α i ) = a and each α i is an end of a leaf of the lamination L(T − ). Thus, there exist two leaves 1 = 2 ∈ L(T − ) so that {α 1 , α 2 , α 3 } ⊂ ( 1 ∪ 2 ). By the definition of the directional Whitehead graph, there exist sequences
By Proposition 2.30, the realization in T + of the leaves corresponding to edges of a Whitehead graph is a star. Therefore,
is either a point y or a ray initiating at a point y. Since lim k→∞ σ k = 1 , by Proposition 2.28 σ
is a non-trivial segment containing y in its interior for a large enough k. Likewise, for large enough k, ρ
is a non-trivial segment containing y in its interior. Set a = σ k and b = ρ k for large enough k so that
is a star with y its midpoint. Therefore, φ satisfies the T ± -pattern, concluding one direction of the proof.
Conversely, suppose φ satisfies the T ± -pattern. We will show 1 and 2 yield distinct edges of W h T − (a, d). By Lemma 2.34, there exists a homothety h + : T + → T + that fixes the middle y of the star (
The homothety h + corresponds to a principal automorphism Φ representing φ. We replace φ by a rotationless power so that h + fixes all directions at y and ∂Φ( j ) = j for j = 1, 2. Let h − be the corresponding homothety of T − guaranteed by Lemma 2.34. By Lemma 2.36,
where a ∈ T − is the point given in the definition of the T ± -pattern. Thus, h − permutes the directions at a. We replace Φ, h + , and h − by powers so that h − fixes the directions at a. Since h + is a homothety fixing the directions at y, lim k→∞ h k + ( [CH14] , there exists a free band, that is, an interval J ∈ K and a unique partial isometry g ∈ A m so that J ⊂ dom(g). Thus, for all m ∈ N the Rips Machine does not stop at the m-th step.
7. The boundary ∂G φ Main Theorem. If G φ is a hyperbolic group, then ∂G φ contains a copy of the complete bipartite graph K 3,3 .
Proof. If φ is fully irreducible, let T + and T − be the attracting and repelling trees of φ in the boundary of CV n . By Proposition 3.7, either T − or T + has Levitt type. Without loss of generality, suppose T − has Levitt type. By Lemma 6.6, some directional Whitehead graph of T − contains more than one edge. By Lemma 6.5, φ satisfies the T ± pattern; hence, by Lemma 6.4, the boundary ∂G φ contains an embedded copy of K 3,3 .
If φ is not fully irreducible, then there exists a free factor A 0 < F n and a power φ k so that [A 0 ], the conjugacy class of A 0 in F n , is φ k -invariant. Let A be a minimal such factor. Since G φ is hyperbolic, φ is atoroidal, hence rank(A) ≥ 2. Moreover, φ induces a well-defined outer automorphism φ on A [HM13, Fact 1.4]. Since φ is atoroidal, so is φ , and hence rank(A) ≥ 3. By the minimality of A, the outer automorphism φ is fully irreducible. Therefore, the boundary of G = A φ Z contains an embedded copy of K 3,3 by the previous paragraph. The subgroup G quasi-isometrically embeds in G φ k [Mit98] . Thus, ∂G embeds into ∂G φ k . The group G φ k is a finite-index subgroup of G φ , so the boundaries of G φ and G φ k are homeomorphic.
In what follows, we describe the work of Kapovich-Kleiner [KK00] relevant to this paper.
Theorem 7.1. [KK00, Theorem 4] Let G be a hyperbolic group which does not split over a finite or virtually cyclic subgroup, and suppose ∂G is 1-dimensional. Then one of the following holds:
(1) ∂G is a Menger curve, (2) ∂G is a Sierpinski carpet, (3) ∂G is homeomorphic to S 1 , and G maps onto a Schwartz triangle group with finite kernel.
Theorem 7.1 quickly follows from a compilation of results: the characterization of the Menger curve [And58a, And58b] , the characterization of the Sierpinski carpet [Why58] , and the structure of local and global cut points in the boundary of a hyperbolic group [BM91, Bow99, Swa96].
Corollary 7.2. [KK00, Corollary 15] Let F be a finitely generated free group, and φ : F → F an atoroidal automorphism. If no power of φ preserves a free splitting of F , then the Gromov boundary of G φ := F φ Z is the Menger curve. In particular, if φ is fully irreducible, then ∂G φ is the Menger curve.
Remark 7.3. The hypothesis of the above corollary in [KK00] states that φ is irreducible, not fully irreducible. However, in the proof they obtain a contradiction by producing a φ jinvariant free decomposition of F for some positive j > 0. This property only contradicts that φ is fully irreducible.
To prove the above corollary, Kapovich-Kleiner [KK00] first show that if φ ∈ Out(F n ) is fully irreducible (or no power of φ preserves a free splitting of F ), then G φ does not split over a trivial or cyclic subgroup. (See also Brinkmann [Bri02] .) Then, Theorem 7.1 implies ∂G φ is either the circle, the Sierpinski carpet, or the Menger curve. At this point, using our Main Theorem, one can directly rule out the circle and Sierpinski carpet, since these spaces are planar. Alternatively, Kapovich-Kleiner rule out the circle by applying the work of TukiaGabai-Casson-Jungreis [Tuk88, Gab92, CJ94] , which classifies the hyperbolic groups with boundary homeomorphic to S 1 as precisely the groups that act discretely and cocompactly by isometries on the hyperbolic plane. Finally, Kapovich-Kleiner prove a rather deep result: if G is a hyperbolic group with Sierpinski carpet boundary, then G together with the stabilizers of the peripheral circles of the Sierpinski carpet forms a Poincaré duality pair (see [KK00, Corollary 12] ). In particular, they conclude that in this case χ(G) < 0. Since χ(G φ ) = 0, the boundary ∂G φ is the Menger curve.
